A theorem on the existence of solutions and their continuous dependence upon initial boundary conditions is proved. The method of bicharacteristics is used to transform the mixed problem into a system of integral functional equations of the Volterra type. The existence of solutions of this system is proved by the method of successive approximations using theorems on integral inequalities. Classical solutions of integral functional equations lead to generalized solutions of the original problem. Differential equations with deviated variables and differential integral problems can be obtained from the general model by specializing given operators.
Introduction
We formulate the functional differential problem. , ( t, x ) ∈ E . We require that α ( t, x ) ∈ E for ( t, x ) ∈ E and α 0 ( t ) ≤ t for t ∈ [ 0, a ] . We deal with the following mixed problem:
( , )
where
A function ˜: [ , ] [ , ] z h c c R − × − → 0 ξ , where 0 < ξ ≤ a, is a generalized solution of (1), (2) if it is continuous and the following conditions are satisfied: [ , ] ;
(ii) for every x b b ∈ −
[ , ], Eq. (1) is satisfied for almost all t ∈[ , ] 0 ξ and condition (2) is satisfied on
Note that our hereditary setting contains well-known delay structures as particular cases.
The simplest differential equation with deviated variables is obtained in the following way: Put h 0 = 0 and h = 0 and assume that F : E × R × R n → R is a given function. Consider the operator f defined as follows: 
, , 
( )
We require that α ( t, x ) ∈ E for ( t, x ) ∈ E and α 0 ( t ) ≤ t for t ∈ [ 0, a ] . A general class of equations with deviated variables can be obtained in the following way: Suppose that β 0 : [ 0, a ] → R and β ′ : E → R n , β ′ = ( β 1 , … , β n ) are given functions and
, ( t, x ) ∈ E .
For the function F given above, we define the operator f as follows:
f ( t, x, w, q ) = F ( t, x, w ( β 0 ( t ) -α 0 ( t ), β ′ ( t, x ) -α ′ ( t, x )), q ) , ( t, x, w, q ) ∈ Ω .
Then f t x z q t x ( ,
α = F t x z t x q ( , , ( ( , )), ) β , where β ( t, x ) = ( β 0 ( t ), β ′ ( t, x )), and Eq. (1) is equivalent to
∂ t z t x ( , ) = F t x z t x z t x x
( , , ( ( , )), ( , )) β ∂ .
Now consider differential integral equations. Suppose that γ 0 : [ 0, a ] → R and γ ′ : E → R n , γ ′ = ( γ 1 , … , γ n ) are given functions and
For the functions β and F given above, we define the operator f in the following way:
x, w, q ) = F t x w y dyd q t t t t t x t x t x t x
and (1) reduces to the differential integral equation
We will discuss the question of the existence of solutions of problem (1), (2) . Different classes of weak solutions of mixed problems for partial functional differential equations are considered in literature. Almost linear systems in two independent variables were investigated in [1, 2] . A continuous function is a solution of the mixed problem considered in these papers if it satisfies an integral functional system obtained from the functional differential system by integrating along bicharacteristics. Note that the papers [1, 2] initiated investigations of first-order partial functional differential equations.
The class of Carathéodory solutions consists of all functions that are continuous and have their derivatives almost everywhere in the domain, and the set of all points where the differential equation or the system is not satisfied is of Lebesgue measure zero. Existence and uniqueness results for quasilinear systems with initial boundary condition in the class of almost everywhere solutions are given in [3, 4] . The right-hand sides of equations contain operators of the Volterra type, and unknown functions depend on two variables. A general class of mixed problems and Carathéodory solutions for quasilinear equations was investigated in [5] . Functional differential problems considered in these papers are equivalent to integral functional equations obtained by integration along bicharacteristics. Under natural assumptions, continuous solutions of integral functional equations are Carathéodory solutions of the original problems.
Generalized solutions in the Cinquini-Cibrario sense for equations without functional dependence were first considered in [6 -8] . This class of solutions is placed between classical solutions and solutions in the Carathéodory sense. It is important that both inclusions are strict. This class of solutions is investigated in the case of extended assumptions for given functions. Existence results for mixed problems and nonlinear functional differential equations can be found in [9] and [10] (Chaps. IV and V). They are obtained by a quasilinearization procedure and by the construction of integral functional systems for unknown functions and for their derivatives with respect to space variables. Continuous solutions of integral equations lead to generalized solutions of original problems.
Note that the monograph [11] contains an exposition of generalized solutions in the Cinquini-Cibrario sense for nonlinear equations and systems without functional variable.
Broad classes of solutions to mixed functional differential equations were investigated in [10, 12 -14] . Only derivative of unknown functions with respect to t appear in the equations considered in these papers.
Viscosity solutions of mixed problems for functional differential equations were first considered in [15, 16] . Uniqueness results were based on the method of differential inequalities. Existence theorems were obtained by using the method of vanishing viscosity.
Further bibliographical information concerning hyperbolic functional differential equations can be found in [10] .
The present paper is a generalization of the existence results for nonlinear functional differential equations with initial boundary conditions given in [9] and [10] (Chap. V). There are several differences between the above-mentioned results and our theorems.
I. It is assumed in [10] that the function f of the variables ( t, x, w, q ) has the following property: Let
The following condition is important in [10] : the function sign ∂ q f is constant on Ω . We omit this condition in our considerations. It is assumed in [9] that the function sign ∂ q f is constant on Ω . This condition can be reduced to the assumption made in [10] by changing variables in the unknown function in the differential functional equation.
II. The functional dependence in partial differential equations is based on the use of the Hale operator ( , ) ( , ) 
. In our case, we set
. It follows that the class of differential equations with deviated variables considered in the present paper is more general than the corresponding class of equations that can be obtained from [10] .
The same conclusion can be drawn for differential integral equations.
III. The right-hand sides of the equations considered in [10] depend on the functional variable z t x ( , ) . In our considerations, Eq. (1) contains the functional variable z t x α( , ) It is easy to see that the class of differential equations covered by our theory is more general than the corresponding class considered in [10] .
The paper is organized as follows: In Sec. 2, we prove results on the existence and uniqueness and on the regularity of bicharacteristics for nonlinear mixed problems. The integral functional equations generated by (1), (2) are investigated in Sec. 3. It is shown that, under natural assumptions on given functions, there exists a sequence of successive approximations and it is convergent. The main results on the existence of generalized solutions and on the continuous dependence of solutions on initial boundary conditions are presented in Sec. 4 . An application to equations with deviated variables is given.
The following function spaces will be needed in our considerations: 
= w w t x w t x t t x x t x t x D t x t x x x
We consider the spaces
,
, ∪ for which the following conditions are satisfied:
(ii) the following estimates are satisfied on E E 0 0 ∪ ∂ : 
(ii) there exists ∂ x z t x ( , ) on E c * and the estimates
hold on E c . We prove that, under suitable assumptions on f, α, and ϕ and for sufficiently small c such that
and
where 1 ≤ i ≤ n, and
Bicharacteristics of Nonlinear Equations
We begin with assumptions on f.
satisfies the following conditions:
, and the partial derivatives
and there is C ∈ Θ such that, for ( , , )
(iii) there is κ > 0 such that, for 1 ≤ i ≤ n, we have
and there is r 0 ∈ R + such that
(ii) α′ is of class C 1 and
Consider the Cauchy problem 
We prove a lemma on bicharacteristics. 
The bicharacteristics are unique on I t x ( , ) and I t x ( , ) . Moreover, we have the estimates
Proof. The existence and uniqueness of solutions of (11) follows from the classical theorem on Carathéodory solutions of initial-value problems. The function g z u t x
[ , ]( , , ) ⋅ satisfies the integral equation
Since
∩ .
We now obtain (12) by the Gronwall inequality. For ( , ), ( , )
We get (13) from the Gronwall inequality. This proves Lemma 1.
We now give a lemma on the regularity of the function δ [ z, u ] . 
Lemma 2. Suppose that Assumptions
where ( , ), ( , ) t x t x E c ∈ , and
where ( , ) t x E c ∈ .
Proof. 
. We have the following estimate for ( , ) t x E c ∈ : 
≥ κ 
Then we get 
Thus, the proof of (15) for ( , ), ( , ) t x t x E c ∈ such that (18) holds is completed in case (i). In a similar way, we prove (ii). Let ( , ), ( , ) t x t x E c ∈ be arbitrary. We set M x x t t = − + − . There exists K ∈ N such that
Note that ( )
It is easy to see that 
Consider case (i). We have estimate (17) for ( , ) t x E c ∈ .
It follows from Lemma 1 that
Thus, we have
for ( , ) t x E c ∈ and z, z , u, and u such that
Thus, the proof of (16) for ( , ) t x E c ∈ and for z, z , u, and u such that (19) holds is completed in case (i). In a similar way, we prove (ii).
Let
, and u, u C p
Let ε ∈ R , ε = 1 / K . For j = 0, … , K, we set
Integral Functional Equations
Denote (ii) the partial derivatives 
, ( , ), and almost all t ∈ [ 0, a ] .
Remark 1.
We give a theorem on the existence of solutions of problem (1), (2) . For the simplicity of the formulation of the result, we have assumed the same estimates for the derivatives ∂ x f , ∂ w f , and ∂ q f . We have also assumed the Lipschitz condition for these derivatives with the same coefficient.
Suppose that ϕ ∈C s
We now formulate the system of integral equations generated by (1), (2) . We write
, where 0 < c ≤ a, we define
Consider the system of integral functional equations
with initial-boundary conditions
Remark 2. The integral functional system (20) - (22) is obtained in the following way: First, we introduce an additional unknown function u, where u z x = ∂ . Then we consider the linearization of (1) with respect to u, i.e.,
where U = ( , , , ( , )) ( , ) t x z u t x t x α . By virtue of Eq. (1), we get the following differential system for the unknown function u :
Finally, we set ∂ x z u = in (24). System (23), (24) has the following property: The differential equations of bicharacteristics for (23) and (24) are the same and have the form (11).
If we consider (23) and (24) along the bicharacteristics g z u t x [ , ]( , , ) ⋅ , then we obtain
and 
+1 is a solution of the equation
with the initial-boundary condition
, ( , , ) ] , and
We wish to emphasize that the main difficulty in carrying out this construction is the problem of the existence of
We set r = 1
, and p = ( p 0 , p 1 ) satisfy the conditions 
. Then
We now prove that the function G u m ( ) [ ] satisfies the Lipschitz condition with constant p 1 
, ( , , ) , ( , , ) , ( , ,
It follows from Lemmas 1 and 2 that , we have
Proof. Lemma 3 shows that
We now define the norm in the space C p 
According to (28), we have
It follows that estimate ( Let T = { :
The following compatibility condition for problem (1) , (2) is necessary for our considerations:
Assume that the following conditions are satisfied:
, ,˜, ( , ) ω α for x ∈Δ, q R n ∈ , and almost all t ∈ [ 0, a ] ;
(ii) there is a function ψ ∂
where ( , ), ( , ) t x t x E c ∈ . We prove that there exists C R ∈ + such that
It follows from (25) and (26) that
We write
, and
Moreover, we set It follows from (34) that
, ( , , ) ( , ( ,, ) 
Having disposed this preliminary step, we apply the Hadamard mean-value theorem to the difference
)
We thus get 
Adding inequalities (36) and (37), we get (33) and, consequently, (1), (2) on E c * .
The proof of the above property of v is similar to the proof of the corresponding properties for initial-value or initial boundary-value problems considered in [9] and [10] Consider the operator f defined by (6) . In this case, (1) is equivalent to the differential equation with deviated variables (7) . We now formulate our existence result for problem (7), (2) .
Assumption H [ F ] .
Assume that a function F : E × R × R n → R of the variables ( t, x, p, q ) satisfies the following conditions: 
